Operator Lévy motion and multiscaling anomalous diffusion
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The long term, limit motions of individual heavy—tailed (power—law) particle jumps that char-
acterize anomalous diffusion may have different scaling rates in different directions. Operator
stable motions {Y (¢) : ¢ > 0} are limits of d—dimensional random jumps that are scale—invariant
according to ¢?Y () = Y (ct), where H is a d x d matrix. The eigenvalues of the matrix have real
parts 1/a;, with each positive a; < 2. In each of the j principle directions, the random motion
has a different Fickian or super—Fickian diffusion (dispersion) rate proportional to t1/%3 . These
motions have a governing equation with a spatial dispersion operator that is a mixture of frac-
tional derivatives of different order in different directions. Subsets of the generalized fractional
operator include: (1) a fractional Laplacian with a single order o and a general directional
mixing measure M; and (2) a fractional Laplacian with uniform mixing measure (the Riesz po-
tential). The motivation for the generalized dispersion is the observation that tracers in natural
aquifers scale at different (super—Fickian) rates in the directions parallel and perpendicular to
mean flow.

PACS numbers: 05.40.+j, 05.60.+w, 47.55.Mh, 02.50.Cw

I. INTRODUCTION

eral ways. A standard description requires that a par-

Anomalous diffusion is an important process in hy-
drogeology because of the way that dissolved and of-
ten toxic chemical tracers move through aquifer mate-
rial. Groundwater velocities span many orders of mag-
nitude and give rise to diffusion-like dispersion (a term
that combines molecular diffusion and hydrodynamic dis-
persion). The measured variance growth in the direction
of flow of tracer plumes is typically at a super—Fickian
rate, i.e., <X2> ~ t7, with v > 1 [1, 2]. However, the
scaling exponent - is lower in the directions transverse to
mean flow. Theories developed for anomalous dispersion
in many dimensions are based on a coupling of space and
time that gives a power  that is equal in all directions.
A prefactor (usually in the form of an effective disper-
sion coefficient) or mixing measure is used to make the
process anisotropic [3-5].

The term “anomalous diffusion” has been defined sev-
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ticle in a spreading tracer cloud has a second moment
that grows at a super—Fickian rate. This definition is
restricted to processes with finite variance, so we choose
a definition in terms of P(xz,%), the Green function of
a diffusive-type equation or the probability density of a
particle starting from the origin (the propagator). Anom-
alous diffusion has a space—time scaling property ac-
cording to P(z,ct) ~ ¢~ /*P(c~'/%g, t), which leads to
a measured variance which grows proportional to 2/¢.
We consider super—Fickian and Fickian diffusion rates in
which 0 < a < 2. The value of a should depend on direc-
tion in d—dimensional space. First we consider Brownian
motion, Lévy motion, and their governing equations.

II. CLASSICAL ADVECTION AND DIFFUSION

The classical advection—dispersion equation models
transport in porous media [6]. Let X (¢) be the position
of a random tracer particle in d—dimensional Euclidean
space R¢ at time ¢t > 0 and let P(z,t) denote the prob-
ability density of X (t), realized as an ensemble average,
where the column vector z € R¢. Then

OP(z,t)

T = (cv-V+ V- AV) P(x,1) (1)



where v € R? is the average advective velocity, V =
(0/0z1,-..,0/0z4)T, and A is the d x d dispersion ma-
trix. Take Fourier transforms f(k) = [ e~ f(z)dz to
obtain

dp;%t) = (~v - (ik) + (ik) - A(ik)) P(k,t)

whose solution P(k,t) = exp (—itv - k — tk - Ak), corre-
sponding to the point source initial condition P(z,0) =
é(z), inverts to the probability density of a multivariate
normal random vector X (t) on R¢ with mean tv and co-
variance matrix 2¢A. If A = I the identity matrix then
the tracer plume is symmetric about its mean. If we
write X (t) = tv+ Y (¢) then the pure dispersion/diffusion
process Y (t) is normal with mean zero and covariance
matrix 2tA.

The stochastic process Y (¢) is the scaling limit of a ran-
dom walk. If W(t) = J1 +- - -+ Jjg where J, J1, J2, Js, . ...
are independent and identically distributed jumps with
mean EJ = 0 and covariance matrix EJJ?T = A, the
central limit theorem implies that ¢='/2W(ct) = Y (¢)
as ¢ — oo for every ¢ > 0, where = means convergence
of probability distributions. Physically this means that,
if particle jumps relative to the center of mass of the
plume resemble a random walk, then after sufficient time
the distribution of an ensemble of particles will obey a
normal concentration profile. For independent, identi-
cally distributed particle jumps with a finite covariance
matrix, this multivariable Brownian motion Y (¢) is the
only possible limiting process. In this sense, the classi-
cal advection—dispersion equation is a very robust large—
scale model for contaminant transport.

In the classical advection—dispersion model, the center
of mass of the contaminant plume is located at z = tv
and the mean—centered random particle location Y (¢) is a
self-similar process with Hurst index H = 1/2, meaning
that Y(ct) = c?Y(t) in distribution for any ¢ > 0 and
any scale ¢ > 0. This plume spreads away from the center
of mass like t'/2 in every radial direction.

IIT. ANOMALOUS DISPERSION

In real world tracer tests [2, 7, 8] one typically ob-
serves anomalous dispersion, where the plume spreads
faster than the classical model predicts. One alterna-
tive model involves correlated particle jumps, which can
lead to fractional Brownian motion [9]. A mathemati-
cally simpler alternative is to relax the assumption that
the covariance matrix exists. This case requires applica-
tion of a generalized central limit theorem [10, 11]. If for
some 0 < a < 2 we have

TV ) S Y 2)

then the random particle jumps belong to the domain of
attraction of Y, a stable random vector with index a.

If « = 2 then Y is normal, otherwise P(||Y|| > r) ~
Cr=® so that E||Y]|?> = oo and the covariance matrix
of Y does not exist [12]. From (2) it follows easily that
cHW(ct) = Y (t) where H = 1/a, and {Y(¢) : t > 0}
is a multivariable Lévy motion, a stationary independent
increment process with Y = Y (1) stable with index «.
Then Y (ct) = c?Y(t) so that H is the Hurst index of
the limit process. Since a < 2 we have H > 1/2 and the
plume spreads out like ¢¥, faster then the classical model.
Sample paths of Y (¢) are random fractals of dimension
o, 5o the stable index also has physical meaning [13].

If we include linear advection then X (¢) = tv + Y (¢)
is a stable random vector whose density usually cannot
be expressed in closed form. The Fourier transform of
the density P(z,t) can be written in terms of the Lévy
representation

P(k,t) = exp(—itv k- th- Ak

tk-x

+t/(e—ik~w —lt+ o ”x”2)¢(dx)) ()

where v is a vector, A is a matrix, and ¢ is a Lévy mea-
sure, a Borel measure on R? \ {0} such that the inte-
gral condition [min{1,||z|*}¢(dz) < oo holds [14]. If
v = 0 then Y(ct) = cHY(t) implies that P(k,ct) =
P(c"k,t), and then (3) yields ck - Ak = 2k - Ak and
cp(dz) = ¢(c Hdz) for every scale ¢ > 0. The scal-
ing of the A term requires H = 1/2, and the scaling
of ¢ requires H > 1/2 in view of the integral condi-
tion. If H = 1/2 then X (#) is normal, ¢ is the zero
measure, and the formula reduces to classical advection—
dispersion. If H > 1/2 then A is the zero matrix and
¢z ||z > Tyl € S} = Cr*M(S) where M is a
probability measure on the unit sphere in R¢ called the
mixing measure. For the central limit theorem (2) to hold
with o < 2 it suffices that P(J € dz) ~ ¢(dz) for ||z|
large, so that the Lévy measure regulates the probability
distribution of large jumps. The mean—centered process
Y'(¢t) is the scaling limit of a random walk composed of
these jumps, so that the advected process X (t) consists
of a linear drift plus a term which is essentially the accu-
mulation of a large number of random jumps, where the
probability of a large jump falls off like =% and M (S) is
the probability of jumping through a sector S of the unit
sphere.

If « # 1 the density P(z,t) of the random particle
location X (t) solves a point source fractional advection—
dispersion equation

OP(z,t
% = (~v-V + DV$) P(z,t) @)
where D = Cal'(—a) and V¢, is a mixture of fractional
directional derivatives [5]. For any unit vector # the
fractional directional derivative of order a is the inverse
Fourier transform of (ik - 8)* f(k) so V¢, f(z) is the in-



verse Fourier transform of

( /”0”:1 (ik - 0)aM(d0)> F (k). )

IV. GENERALIZED DISPERSION

In anomalous dispersion a random particle location
X(t) = tv + Y(¢t) where v is the average advective ve-
locity and the mean—centered dispersion process satisfies
anomalous scaling Y (ct) = c?Y (t) for some H > 1/2.
This implies that the tracer plume spreads like ¢ in
every coordinate direction. In real world tracer tests
it is commonly observed that the rate of spreading de-
pends on the coordinate [7, 8] which requires a gener-
alized dispersion model. Let H represent an arbitrary
d x d matrix and t = exp(H logt) where exp(4) =
I+ A+ A?/2+ A3/3! +- .- is the usual exponential of a
matrix. Since exp(tA) appears in the general solution to
the linear differential equation 2’ = Az, the behavior of
the matrix power ¢ can be obtained by a simple repara-
meterization [15]. For example, if H = diag(hq,... ,hq) a
diagonal matrix then t = diag(t™,... ,t"). A stochas-
tic process which satisfies Y (ct) = tY (¢) for a matrix
H is called operator self-similar [16].

If for some matrix H we have

nHh++In) Y (6)

then the random particle jumps belong to the gener-
alized domain of attraction [17-19] of some operator
stable random vector ¥ with exponent H [20, 21]). If
H = diag(hi,...,hq) with b; = 1/a; then the jth
component Y; is stable with index «a;, and this requires
h; > 1/2 so that 0 < a; < 2. Matrix norming in (6)
allows the stable index «a; to vary with j =1,... ,d. The
physical meaning of the Hurst exponent H is that the
jth component of the tracer plume spreads out from the
center of mass like ¢'/%3.

The matrix H need not be diagonal. FEigenvalues of
H are all of the form 1/a + i8 for some 0 < a < 2,
where the imaginary part induces a rotation. A spectral
decomposition [22, 23] resolves Y into d components in a
coordinate system which depends on H. If a; = 2 then
Y; is normal, otherwise a; < 2 and the probability tails
of Y; fall off like r=%/. The components for a given value
of a; span the generalized eigenspaces corresponding to
eigenvalues with real part 1/a;. From (6) it follows easily
that ¢ HW (ct) = Y (t) where {Y(¢) : ¢ > 0} is an op-
erator Lévy motion, a stationary independent increment
process with Y = Y (1) operator stable with exponent H.
Then Y (ct) = Y (t) so that {Y(¢) : ¢ > 0} is operator
self—similar.

If we include linear advection then X (¢) = tv + Y (¢) is
an operator stable random vector, and the Fourier trans-
form of its density P(z,t) can be written in terms of the
Lévy representation (3). If ¢ is the zero measure then

the formula reduces to classical advection—dispersion and
X (t) is normal Brownian motion with drift. The Lévy
measure satisfies cé(dz) = ¢(cHdx) for every scale
¢ > 0, and the mathematical condition for the central
limit theorem (6) to hold is that P(J € dx) ~ ¢(dz) for
||z|| large, so the probability tails of J fall off like r—%i
depending on direction. We can also mix normal and
heavy tail components, which are evidently independent
in view of (3) which expresses the two components as a
product in Fourier space. In this case, scaling considera-
tions show that the Lévy measure ¢ is supported on the
subspace {k : k- Ak = 0}, so that some coordinates of the
underlying random walk have jumps with finite variance,
and the rest have power law probability tails.

V. GENERALIZED ADVECTION-DISPERSION
EQUATION

If a; > 1 for every j the Lévy representation (3) takes
an alternate form

Pk,t) = exp(—ita -k — tk - Ak
+t / (% ~ 1+ ik-2)d(da)) (1)

where ta = EX(t). Invert (7) to see that P(x,t) solves a
point source generalized advection—dispersion equation

OP(z,t)

— = (- V+V-AV+ F)P(z,t)  (8)

where the generalized fractional derivative Ff(z) is the
inverse Fourier transform of

Fiw = ([t =1+ k-2oan)) 5. ©
Distribute f(k) and invert inside the integral (9) to get

Ff(=) Z/(f(x—y)—f(x)+y-Vf(x))¢(dy) (10)

which is essentially convolution with the Lévy measure.
If 1 < a < 2 the fractional derivative [24]

il @ =g [ fe—wy ey

and if ¢(dy) = Car~*ldy on y > 0 integration by parts
in (10) yields

Fi() = Ca / T (f@—y) - (@) + uf @)y dy

(=f'lz—y)+ f'(z) y~%dy



so that F = d*/dz® if C = (1 — a)/T'(2 — a). In this
case X (t) is a maximally skewed Lévy motion with drift
(25, 26]. If ¢(dy) = pCar~*"'dy on y > 0 and ¢(dy) =
gCar=®~'dy on y < 0 then F = pd®/dz* + qd® /d(—=z)*
and we recover every Lévy motion with drift [27, 28]. If
¢(dz) = Car—2"1drM(df) in polar coordinates then

da
Fflz)= —flz —r8)M(do
f@ =  le-rom@
a mixture of fractional directional derivatives. Then F =

§r and we recover every multivariable Lévy motion with
drift [5]. If M is symmetric then F = cos(wa/2)A%/?
where A%/2 ig the classical Riesz fractional derivative,
and in this case the density P(x,#) of the Lévy motion
X (t) is spherically symmetric about its mean.

The fractional derivative (11) is a convolution, so its
Fourier transform is a product. Standard tables [29]
give §(k) = (ik)? as the Fourier transform of g(x) =
H(z)z=971/T(—q) for =1 < ¢ < 0, where H(z) is
the Heaviside function. Since f”(z) has Fourier trans-
form (ik)2f(k) the fractional derivative df(z)/dz® has
Fourier transform (ik)2f(k)(ik)*~2 = (ik)*f(k) which
generalizes the familiar integer derivative formula. Since

= [e~*%g(z)dz is an improper integral which di-
verges at 1nﬁn1ty for any —1 < ¢ < 0, the meaning
of the table entry is that the convolution g * h(z) =
J h(z — y)g(y)dy has Fourier transform (ik)2h(k) for
smooth functions h(z) which vanish off a compact set.

Formal integration by parts in (11) yields

& ey = / T fe—ywetdy (12)

dx“ I'(—a)
a convolution of generalized functions [29], so that the
fractional derivative

Fi@) = 5o i@ = [ 1e-votdy  (13)

is convolution with the Lévy measure ¢(dy) =
y~*"1dy/T(—a) on y > 0 in this distributional sense. If
¢(dz) = r—*"1M(df)/T(—a) a similar argument yields

Ff(@) =V (@) = / f—nddy)  (14)

a mixture of integrals involving the generalized function
r=%~1 /T (—a). We conjecture that the generalized frac-
tional derivative operator is always equivalent to convo—
lution with the Lévy measure Ff(z) = [ f(z — y)é(dy),
but this is an open question whose resolution seems to
require a suitable extension of generalized function the-
ory.

VI. DISCUSSION

Generalized dispersion is an attractive model because
it is based on an operator limit theorem. Heavy-tailed
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FIG. 1: Measured longitudinal (circles) and lateral

(squares) variance of the bromide plumes versus mean
travel distance in the (a) Cape Cod [7] and (b) MADE
site [8] aquifers. Lines indicate power laws of order 2/a.
Transverse values are artifically high at early time due to
the wide (~ 5m) arrays of injection wells.

(power—law) jumps in d dimensions will converge to the
operator stable laws governed by Equation (3). If inde-
pendent thin—tailed jumps are mixed with heavy—tailed
ones, the index of the heaviest jumps dominates. Gran-
ular aquifer material is generally deposited in sheet-like
to tube-like structures of similar grain size [30]. Frac-
tures in crystalline rock will have preferred directions
and lengths [31] according to the external stress field.
Many of the transport properties (aperture, displace-
ment, length, connectivity) of natural fractures and faults
have power-law distributions and scaling [32-34].
Several tracer tests have been conducted with sufficient
sampling detail to resolve anomalous dispersion [7, 8].
Two tests show significant differences in the measured
variance growth rate in the longitudinal and transverse
directions [Figure 1]. In both of the tests, the verti-
cal growth rate was essentially zero, so that the plume
growth is two—dimensional. Longitudinal plume disper-
sion in the relatively homogeneous Cape Cod aquifer is
anomalous with a ~ 1.65 and Fickian lateral dispersion
[Figure 1 (a)]. Here the generalized advection—dispersion



model resolves into two independent processes, a longi-
tudinal Lévy motion with index a and a lateral Brown-
ian motion. At the highly heterogeneous MADE site,
both longitudinal and lateral dispersion are anomalous,
but with different scaling [Figure 1 (b)]. The longitudi-
nal a3 = 1.2 and the lateral as = 1.5 so the general-
ized advection—dispersion model involves a longitudinal
Lévy motion with index a; and a lateral Lévy motion
with index as. The heaviest tail of the MADE plume
corresponds to the smallest index oy, and this value is
consistent with the observed tail index (a = 1.1) of the
hydraulic conductivity (K) random field [1]. An assump-
tion that the hydraulic head gradient was fairly uniform
in the longitudinal direction led to a scalar fractional ad-
vection dispersion equation of order 1.1. It may also be
possible to obtain a priori estimates of the lateral index
a9 based on a model of the K field which recognizes the
possibility of operator scaling,.

VII. CONCLUSIONS

Stable random processes are the limit sums of random
jumps in many dimensions. If the scaling properties are
the same in all directions, then the process is governed by
a multidimensional advection—dispersion equation. The
fractional-order Laplacian is a mixture of any number of
fractional directional derivatives, with weights defined by
a mixing measure M (df) that can be discrete or contin-
uous. This operation is equivalent to convolution with
a Lévy measure whose tails diminish like r—% in every
direction. If the scaling is different in each dimension
then the fractional dispersion operator applies a frac-
tional derivative of different order in each coordinate.
The operator stable motions may contain independent
Brownian motion, which can be overwhelmed by any ad-
ditional heavy—tailed jumps with components in the same
direction. If no heavy—tailed jumps occur in a particu-
lar direction, then the scaling rate of Brownian motion
(with £'/2) prevails. The detailed plume studies at the
Cape Cod and MADE site aquifers show evidence of gen-
eralized dispersion.
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